The recent growing trend to develop large-scale satellite constellations (i.e., mega-constellation) with low-cost small satellites has brought the need for an efficient and scalable maintenance strategy decision plan. Traditional spare strategies for satellite constellations cannot handle these mega-constellations due to their limited scalability in number of satellites and/or frequency of failures. In this paper, we propose a novel spare strategy using an inventory management approach. We consider a set of parking orbits at a lower altitude than the constellation for spare storage, and model satellite constellation spare strategy problem using a multi-echelon (s,Q)-type inventory policy, viewing Earth's ground as a supplier, parking orbits as warehouses, and in-plane spare stocks as retailers. This inventory model is unique in that the parking orbits (warehouses) drift away from the orbital planes over time due to orbital mechanics' effects, and the in-plane spare stocks (retailers) would receive the resupply from the closest (i.e., minimum waiting time) available warehouse at the time of delivery. The parking orbits (warehouses) are also resupplied from the ground (supplier) with stochastic lead time caused by the order processing and launch opportunities, leveraging the cost saving effects by launching many satellites in one rocket (i.e., batch launch discount). The proposed analytical model is validated against simulations using Latin Hypercube Sampling. Furthermore, based on the proposed model, an optimization formulation is introduced to identify the optimal spare strategy, comprising the parking orbits characteristics and all locations policies, to minimize the maintenance cost of the system given performance requirements. The proposed model and optimization method are applied to a real-world case study of satellite mega-constellation to demonstrate their value.
to provide broadband services (see Fig. 1 ), while SpaceX is planning a mega-constellation of up to 11,925 interlinked broadband-internet satellites [5] [6] .
Fig. 1 "OneWeb Satellites" [7]
In order to ensure the prosperity of the providers, guaranteeing a high level of customer satisfaction is primordial.
Indeed, as discussed by Diekelman [8] , the satellite failure mitigation can take a few days to several weeks, and the impact of a failed satellite can affect not only the current lost revenue but also the reputation of the system, and thus its future revenue. Therefore, it becomes vital to maintain the operational state of the system and secure a minimum availability to provide the offered services by avoiding outages. In the case of Iridium, for instance, twenty of the original satellites launched have required replacement, and spare satellites represent a substantial part of the constellation with about 30 % of the original fleet [9] . As the trend for satellite mega-constellations grows, while fast production lines and cost reductions drive the robustness of the satellites, a large number of satellite failures can be expected from future mega-constellations, and a steady replacement strategy has to be established to maintain the service level.
Existing satellite constellation spare strategies are not effective for large-scale small satellite constellations. For example, traditional spare strategies include having some ground spare satellites to replace the failed satellites using on-demand launch, or having a few active or inactive spare satellites in every orbital plane for redundancy [10] . Although these approaches were acceptable for small-scale constellations with large and highly reliable satellites (i.e., infrequent failures), they are not effective for the novel mega-scale small satellite constellations, where each satellite tends to display less redundancy and thus less reliability to favor cost efficiency. Indeed, using only in-plane spares could result in needs for a large number of spare satellite units per orbital plane, thus involving a very high spare strategy cost. On the contrary, launching spare satellites on-demand happens to be a risky strategy, given the uncertainties in launch time schedule and high failure rate. Moreover, the launch of spare satellites itself can be problematic as typical rocket loads tens of small satellites (e.g., 150 kg per satellite for OneWeb's constellation [11] ) per launch leveraging the batch launch discount; we cannot provide on-demand launches for every spare satellite at a low cost. Some companies have foreseen the replenishment of their constellation-to-be, such as OneWeb, who signed a contract with Virgin Galactic to use their LauncherOne vehicle to haul up one satellite at a time. Yet, the solution contemplated by OneWeb would will appraise the spare launch cost to be approximately seven times higher than a nominal satellite launch * . Therefore, it is still beneficial if we could optimally take advantage of the batch launch discount, which was not possible in the traditional approaches. There is a growing demand to have an automatic and scalable decision making and planning strategy under uncertainty of satellite failures, in order to ensure the maintenance of the system. † This paper offers a groundbreaking design technique that is scalable for mega-scale satellite constellation replacement strategy leveraging inventory management methods. Our solution to mega-scale satellite constellation spare strategies is to incorporate a set of parking orbits at a lower altitude than the constellation orbit to save on launch cost, and optimize the spare strategy as a supply chain between Earth's ground (supplier), parking orbits (warehouses), and constellation orbital planes (retailers). A multi-echelon inventory control system is considered, under stochastic demand and lead times, comprising one supplier (Earth's ground), multiple warehouses (parking orbits) and multiple retailers * The company targets about US$10M per resupply mission using LauncherOne vehicle, whereas its contract for the initial constellation deployment with Arianespace values the launch of 700 satellites for US$1B, and thus US$1.43M per satellite, packing 32 to 36 satellites per launch [12] . † Maintenance in this paper refers to the replacement of failed satellites to maintain the constellation as a system.
(constellation orbital planes, i.e., in-plane spares). (s, Q)-type inventory policy is considered so that the system can optimally leverage the batch launch discount. An analytical model for constellation spare strategy is developed in this paper with no need of simulations, and an optimization formulation is introduced to optimize the spare strategy, minimizing the maintenance cost of the constellation.
Although this paper mainly focuses on satellite systems, the general model developed in this paper also extends the existing inventory management literature. The interesting property of our problem is the specific interactions between the different level of inventory on demand, lead times, and supply allocation. Particularly, our problem is unique in that its multiple warehouses (parking orbits) drift over time with respect to multiple retailers (constellation orbital planes) due to orbital mechanics effects, and the retailers choose the closest (i.e., minimum waiting time) available warehouse at the time of delivery. The general framework allowing retailers to get supply from different warehouses can provide flexibility to avoid, or at least reduce, stock-out times. The analytical model developed in this paper is validated using simulations and an optimization is set-up to minimize the cost of the system maintenance. The proposed model and optimization method are applied to a real-world case of satellite mega-constellation to demonstrate their value.
The remainder of the paper is organized in the following way. Section 2 presents an overview of the related literature for both the optimal satellite constellation spare strategies and supply chain models points of view. Section 3 provides the reader with preliminaries about general theory of orbital mechanics and inventory management useful for the understanding of the model further developed in Section 4. Section 5 validates the developed analytical model using simulations. In Section 6, the optimization of the spare strategy is presented, and section 7 provides a case study for the maintenance of a LEO communication satellite mega-constellation along with a sensitivity analysis for different satellite failure rates. Finally, section 8 concludes the paper.
II. Literature Review
The literature regarding modeling of satellite constellations and their spare strategies is very sparse. Different solutions have been contemplated to ensure the replacement of failed satellites in orbit in such constellations. Lang and Adams [13] , Lansard and Palmade [14] , Palmade [15] and Cornara et al. [16] all proposed global constellation design including analysis of their replacement strategies, choosing between distinct spare strategies including on-ground spares, parking orbit spares, in-plane spares, and overpopulated planes. However, no mixtures of each strategies have been considered, leaving the decision makers little flexibility in spare strategies. Also, the complexity constraints of such systems often lead authors to use simulations to evaluate the satellite reliability or constellation availability over time.
The use of Monte Carlo simulations [16] is not effective for the purpose of achieving repeatable results of replacement strategies and can result in computationally inefficiency, especially in the case of mega-scale constellations.
Other proposed models handled the simulation issue by adopting an analytical point of view and represented the satellite constellations by an exhaustive number of states; however, most of these models have a significant scalability issue. Ereau and Saleman [17] approached the availability issue of satellite constellations using Petri nets, but in order to properly incorporate the time dimension, the analytical results would still face the issue of state space explosion (for instance, a constellation with three orbital planes could lead up to 1600 states). Sumter [18] established an analytical model to find an optimal satellite replacement policy by the means of finite-horizon Markov decision processes, minimizing the expected monetary and opportunity costs of maintaining the constellation. The author limits the state explosion issue raised by Ereau and Saleman by setting several assumptions regarding satellites and their operation, such as zero launch lead time and only considering on-ground spares. Those suppositions can be questionable and Sumter also recognizes the limitations in the work. Furthermore, the number of states contemplated for the solution regarding the size of the constellation still remains very large especially for a mega-constellation, with, for example, 4,608 states for a constellation comprising nine satellites. Kelley and Dessouky [19] also used Markov models to evaluate the life cycle cost of a satellite system comprising acquisition, replenishment and operations costs, linked to a performance model to assess the availability of the service. Again, this type of modeling leads to state explosion as the size of the constellation increase, and thus is not scalable to planned mega-constellations.
There have been very few attempts to model the orbiting satellite constellation spare strategy problem using an inventory management approach. Dishon and Weiss [20] originally analyzed the problem of satellite replenishment policy from a simple satellite level perspective and solved it using a classical (N,M) inventory system. Their solution would consider the total number of functional satellites in a given system, and when the latter falls from M to N, replenishment launches are initiated to repopulate the system up to level M. An optimal policy was derived using a number-of-satellites-launched-over-time cost function. However, the considered inventory model was very simple and presented several limitations: the replenishment up to a level M does not allow a consistent launch planning over time;
it cannot reflect the reality of batch launch discount; it does not explicitly consider the use of parking orbits. These limitations makes the proposed strategy ineffective for large-scale satellite constellation. Although very few authors developed a satellite constellation replenishment policy leveraging inventory management techniques, the general problems of spare parts inventory control and supply chain management have been studied widely in the literature.
Many mathematical models have been proposed over time for supply chain inventories. Multi-echelon systems are particularly interesting for the purpose satellite constellation spare strategies and different papers have tried to grasp the complex interactions between different levels of such systems, subject to various features. A detailed review can be found in [21] . In this impetus, Ganeshan [22] followed the work of Schwarz and Deuermeyer [23] , developing a model for multi-level inventory comprising multiple retailers, one warehouse and multiple identical suppliers while taking advantage of order splitting policies. Various applications of multi-level inventory policies can also be found in the literature. Costantino et al. [24] presented an example of spare parts allocations using multi-echelon inventory control applied to the aeronautical industry, a very demanding sector in term of availability requirements, while Caglar et al. [25] developed a continuous review, base stock policy for a two-echelon, multi-item spare parts inventory system for electronic machines. However, no model has been proposed and studied to address our unique challenge in the satellite constellation spare strategies, which requires multiple warehouses drifting over time, all able to resupply all the retailers and with stochastic demand at retailers.
In order to address this significant literature gap, our approach regarding the spare strategy for satellite constellations aims at concurrently considering different levels of spare satellites in the system, including ground spares, parking orbits, and in-plane spares, and optimizes the whole supply chain using an analytical method with no need of simulation.
III. Preliminaries
The analysis in this paper is build upon concepts from two different fields, satellite constellations and inventory management policies. This section provides the readers with an appropriate description of the enabling notions needed to understand satellite constellations and supply chain management concepts in the context of this paper.
A. Orbital Mechanics and Satellite Constellations
This subsection presents the theory of orbital mechanics, perturbations, orbital transfers and finally satellite constellations. Only the key elements necessary to understand the content of this paper are explained here, and further theory can be found in [26] .
Orbital mechanics
Orbital mechanics are concerned with the study of the motion of objects in space; in our context, we are interested in the orbit of the satellites orbiting the Earth. Six parameters, named orbital elements, are necessary to fully describe the location and orbit of a satellite with respect to an attracting body such as the Earth, and we will only introduce three here that are directly relevant to our analysis. In order to describe the state of the orbital plane, we need to define a reference plane and a reference direction. In the case of the satellite-Earth relative motion, the reference plane is typically defined as the Earth's equatorial plane, and the reference direction is defined as the vernal point . The intersection of those two planes defines a line, on which is located the ascending node where the satellite will rise above the reference plane (see Fig. 2 for the details).
Two first parameters are derived from this reference plane :
• The inclination i is the angle between the orbital plane and the reference plane
• The Right Ascension of the Ascending Node (RAAN), also denoted Ω, which is the position of the ascending node.
Another useful parameter to describe satellite orbits in the context of this paper is:
• The semimajor axis of the orbit a, describing the size of the orbital plane.
Only circular orbits are explored in this paper, thus the distance of the satellite to the Earth r is constant: 
where R E arth is the (mean) radii of the planet Earth and h plane the altitude of the orbital plane from Earth's ground.
The considered orbits in this paper are the Low-Earth Orbits (LEO), where h plane ≤ 2, 000 km [27] .
Orbit perturbations
The two-body orbital dynamics relies on the approximation that the Earth is a perfect mass and thus its influence can be considered acting gravitationally as a point mass. However, various factors can cause perturbations to the motion of the satellites in reality. Two largest perturbations affecting satellite's motion about the Earth are the atmospheric drag and the effects of Earth's oblateness. At the altitudes considered in this research (> 700 km), atmospheric drag is considered to have negligible effects on the motion; however, the effects of Earth's oblateness is not negligible.
The oblateness of the Earth causes the irregularity in the gravitational field: the mass spinning creates an extra bulge around the equator, further causing perturbations to the satellite's orbital motion. This oblateness is characterized by a constant, J 2 = 0.00108263, contributing to a perturbing acceleration and disturbing the orbital elements. One of the principal effect of the Earth oblateness disturbance that is relevant to our research is to cause the RAAN of an orbit to slide westward over time, with a rate depending only on the semimajor axis of this particular orbit and its inclination:
where n = µ a 3 is the mean motion of the satellite. Note that a is a function of the satellite altitude; therefore this change of RAAN depends on the altitude of the satellites.
Orbital transfer
In order to deliver a spare from one orbit (e.g., parking orbit) to another orbit (e.g., constellation orbit), we need to consider orbital transfer. In this study, we consider Hohmann transfers, a common fuel-efficient type of chemical transfer for co-planar circular orbits. Out-of-plane maneuvers are excluded in this paper due to their cost inefficiency. In a Hohmann transfer, the cost of the transfer is evaluated through the mass of fuel m f uel required to perform the transfer, which itself depends on the velocity variation ∆V H needed to move the satellite from an orbit altitude to another and the exhaust velocity v e of the thruster:
where ∆V H can be calculated based on the radius (i.e., semimajor axis) of the initial orbit a i and the final orbit a f as follows ‡ :
The time of flight of such a Hohmann transfer corresponds to half a period of the transfer ellipse of semimajor axis a i +a f 2 :
Satellite constellation
A satellite constellation is a set of satellites working together in order to provide a service. When the number of satellites comprised in the system becomes very large, we denote it as a mega-constellation. The very popular
Walker Delta pattern constellation [28] is considered in this paper. In this configuration, the total number of satellites is allocated into N planes circular orbital planes, such that there are N sats satellites per constellation plane. All orbital planes share the same altitude h plane and the same inclination i, and their RAAN Ω are distributed such that the planes are equally spaced (Ω k t h plane = (k − 1) * 2π N pl a ne s ). This strategy is of particular interest to preserve the geometry of system, as all satellites would endure approximately the same orbit perturbations. In other words, all satellites in the constellation would experience the same RAAN drift rate.
Therefore, considering two constellations with the same inclination but two different altitudes (e.g., constellation orbits and parking orbits), they will have two distinct nodal shift rates dΩ dt and thus we can observe observe a relative RAAN drift one with respect the other. The spare strategy model utilized in this paper takes advantage of this specific relative RAAN drift between constellation orbital planes and parkings orbits, located at a lower altitude. ‡ See [26] for more details about Hohmann transfer calculations.
B. Inventory Management
Inventory management considers the flow of products (e.g., spare parts in our context) in a supply chain and provides for a better service delivered. It encompasses the relations between all levels of inventory, from suppliers to warehouses and to retailers. Inventory control is of primary importance, especially for stochastic demand and lead times. In this subsection, the specific (s,Q)-policy is introduced along with its characteristic features such as replenishment cycles, backorders, and mean level of stock.
(s,Q)-policy
All the facilities considered in the model are assumed to follow a continuous (s, Q)-type inventory policy. This particular policy is chosen because it can optimize the order quantity Q, unlike other policies such as (R, S) policy or (s, S) policy, so that we can maximize the batch launch discount. In (s, Q) inventory policy, each facility (e.g., warehouse, retailer) holds an inventory of the spare stocks, and when a stock level drops to or below s available units, an order of batch size Q is placed to its attached supplier.The parameters s and Q can be optimized using optimization.
The model presented in this paper focuses on the study of replenishment cycles. A cycle begins at reception of an order and ends right before the arrival of the next order placed during that cycle. Fig. 3 illustrates the functioning of a cycle from a stock point-of-view. Note that the length of the replenishment cycles varies due to the stochastic demands and lead times. 
Backorders
The model takes the situation of backorders into consideration in order to evaluate the efficiency of the policy.
When a demand cannot be met by on-stock spare units, it is backordered. The next spares supply has to satisfy this backordered demand first upon arrival. It is important to be able to evaluate the short units that the different facilities would be facing over replenishment cycles and to have means to control them. Knowing that the replenishment phase starts when the stock level drops to or below s, the expected backorders for a lead time τ become the demand exceeding s units during the time τ, which can be derived from the Poisson distribution of failures in Eq.6 [22] [24] .
where P τ (D = k) is the probability of having k demand during a lead time τ.
In order to manage the number of backorders that a facility would face, we introduce the notion of order fill rate, ρ, which is the percentage of demand which is satisfied from the available stock during a cycle. The order fill rate is linked to the performance of the replenishment policy at a facility. It will be further optimized as a variable of the optimization, such that the global multi-echelon spare system meets performance requirements. As each cycle entails a replenishment of Q units, the spare parts demand that are not fulfilled can be calculated with Eq. 7. This equation will be used as part of the constraint for later optimization.
(1 − ρ) Q (7)
Mean level of stock
It is of particular interest to know the mean level of stock at each facility to be able to further derive holding costs.
The specific case of backorders being negligible is studied here; this is a reasonable assumption for the optimal solutions as discussed later. From Fig. 4 , the stock level is comprised between (Q + s − N f ail (τ)) and (s − N f ail (τ)), where N f ail (τ) is the number of failures during a lead time τ. Thus, assuming a linear continuous stock level drop, the mean stock level would be ( Q 2 + s − N f ail (τ)). Furthermore, the continuity correction factor of 1/2 needs to be added to adjust the difference between the real discretized stock level drops and the assumed linear continuous stock level drops. § Eq. 8 gives the resulting average stock level [29] :
Note that this continuity correction factor can be negligible for a large stock level, but it can be important for our application with a relatively small stock level.
Fig. 4 Zoom on one replenishment cycle

IV. Model Formulation
A. Overview of the Model
The aim of the model is to provide a replenishment strategy for the spare parts of a satellite constellation and establish a criterion to evaluate the maintenance strategy performances. As presented by Cornara et al. [16] , different spare strategies exist to ensure the maintenance of the constellation (see Table 1 ). To provide more flexibility in the design of the spare strategy for satellite constellations, this paper introduces a mixed-strategy with multiple levels of spares, taking advantage of each approach. A visual representation of the strategy is given in Fig. 5 . The first level of spares is constellation's in-plane spares. The paper does not include the distinction between active (overpopulation strategy) or inactive (in-plane strategy) spares and let this choice to the reader. When a satellite failure occurs in one of the constellation's orbital planes, and if a spare part is in stock in this orbital plane, the failed satellite is replaced using available in-plane spares. This first level allows the constellation to avoid outages with little to no time delay to replace a failed satellite.
The second level of spares is parking orbits' spares. It consists of spare satellites placed in a lower altitude orbit and at the same inclination as the constellation operational planes, and are available to transfer to the in-plane spares stocks Table 1 ), and can thus reduce the number of spares needed in each constellation orbital plane. In addition, since the parking orbits can replenish the spare stocks of any constellation plane, they increase the flexibility of the supply chain.
Finally, the last level of spares is ground spares, i.e., spare satellites on Earth's ground, which are considered to be always available to replenish the parking orbits thanks to the fast manufacturing assembly-line like process achievable nowadays for satellite constellations [11] . Whenever a parking orbit reaches its critical level of stock, it places an order to the ground spares stock to schedule a rocket launch and replenish its stock.
All levels of spare locations together are contemplated as a multi-echelon inventory system, with stochastic demand associated with satellite failures, and stochastic lead-times for both types of replenishment (ground to parking orbits, and parking orbits to in-plane spares). Fig. 6 captures the interactions between the different levels of inventory.
The remaining of this section is organized as follows. Subsection IV.B introduces all the assumptions used in our model along with its notations, which nomenclature is related to our specific problem of satellite constellations but could be applied to general supply chain inventory applications. Subsection IV.C and IV.D are symmetric, as they introduce the in-plane spares and parking orbits spares inventories. Finally, subsection IV.E describes the cost model used to evaluate the spare strategy, and which will further be used for the optimization in Section VI.
Fig. 6 Inventory policy model B. Model Assumptions
The following presents a summary of the key assumptions of our model:
• Spare parts located in the first echelon (in-plane spares) are considered to be immediately available to replace a failed satellite unit. This postulate is true in the case of an overpopulated strategy; however, in case of spare satellites located in a slightly different plane to avoid collisions, the process of replacement can take up to 2 days.
This delay is not considered in the model.
• Spare stocks from the constellation's orbital planes get supply from the closest (i.e., minimum waiting time) available parking orbits' spare stocks. In order to allow more flexibility to the spare replacement flow, we allow any parking orbit to be able to potentially resupply any orbital plane's stocks. When a constellation orbital plane spare stock reaches the re-order point (s-level), an order is placed to all parking orbits jointly and the spares batch is supplied from the closest parking with spare availability at the time of the order.
• Supply from the ground can be delivered only to a unique parking orbit. Indeed, as stated by Lang and Adams [13] , using a single rocket launch to supply different orbital planes can turn out to be very inefficient.
• To facilitate the track of the different orders, an order is allowed to be processed only when no previous order is already in transit.
• As the spares have to be transferred by batches from both Earth's ground to parking orbits and from parking orbits to in-planes, the order quantity and re-order point at parking orbits are assumed to be multiples of the batch size Q plane of in-plane spares:
C. In-plane Spares Inventory Model
This subsection presents the inventory model at the in-plane spares level. It includes the demand model at constellation orbital planes, the derivation of the resupply lead time for in-plane spares, the formulation of the backorders faced by in-plane spares, and finally the model for mean stock of spares in-planes over a replenishment cycle.
Demand model for in-plane spares: the satellite failures
Satellite reliability is the factor at stake when designing a constellation maintenance strategy, as it is responsible for failures. In our approach, satellite failures are modeled by a Poisson distribution with parameter the satellite failure rate, meaning the number of failures per unit time [30] . The failure rate per nominal constellation orbital plane is deduced from the satellite failure rate:
Resupply lead times from parking orbits to constellation orbital planes
As explained previously, constellation's in-plane spare stocks get supply from the closest available parking orbit by the time of the demand, as the parking orbits drift relatively to the constellation planes. The lead-time from the order processing by the constellation orbital plane to the actual delivery is therefore stochastic and its probabilistic distribution has to be derived. First, we need to determine the probability of a parking orbit to be available, and then the probability of a constellation's plane to get supply for a specific parking orbit with respect to their relative position. Finally, the lead-time distribution is derived from the geometry of the problem and orbital mechanics considerations.
(a) Probability of parking orbit availability
The probability of parking orbit availability can be derived using a binomial-like distribution. The constellation planes need to get supply from the closest (i.e., minimum wait time) available parking orbit, while each parking orbit can either have available spare batches or be out-of-stock. Thus, given the probability of each parking orbit being available, P av , we can derive the probability that a constellation orbital plane gets supply from the i th closest parking orbit. Note that in our application, the probability that all parking orbits are out-of-stock at the time of delivery is very small, and thus can be neglected; therefore we assume that there is always one parking orbit available, which may not be the closest one, to supply the in-plane stocks.
The probability that a parking orbit has available spare batches, P av , can be found as the expected probability of having sufficient safety stock s par king over all the possible resupply lead times from the ground spares.
where P T p ar k i ng (D par king ≤ k s, par king ) is the probability of having k s, parking or less demand D parking (in unit of batches Q plane ) to parking orbit during a lead time T parking (see IV.D.1 for derivation of the probability distribution of D par king ), and f par king is the probability density function of the lead times to parking orbits (see IV.D.2). Note that since all parking orbits are analogous, they are supposed to have the same probability to be available P av .
Using this P av , the probability of getting supply from the i th closest parking orbit is then obtained by summing all the possible cases:
In order to demonstrate this expression, we consider a simple example. Assume that the chosen configuration is N par king = 3 and we want to determine the probability of getting supply from each parking orbit. 2) The 1 st closest orbit is available, the 2 nd is available and the 3 r d is not available: P = P 2 av (1 − P av )
3) The 1 st closest orbit is available, the 2 nd is not available and the 3 r d is available: P = P 2 av (1 − P av )
4) The 1 st closest orbit is available, the 2 nd and 3 r d orbits are not available: P = P av (1 − P av ) 2 So P(1 st ) = P 3 av + 2(P 2 av (1 − P av )) + P av (1 − P av ) 2 = 1) The 1 st closest orbit is not available, the 2 nd is available and the 3 r d is available: P = P 2 av (1 − P av )
2) The 1 st closest orbit is not available, the 2 nd is available and the 3 r d is not available:
The only possible case and its respective probability is :
1) The 1 st and 2 nd closest orbits are not available and the 3 r d is available:
The spare model presented in this paper takes advantage of this specific feature of Earth's gravitational field (see III.A.2). Over time, a parking orbit will visit all nominal constellation planes and hence is able to service failures in all of them. When a parking orbit and the constellation failed plane are aligned, the orbital maneuver becomes feasible and a transfer is performed (see III.A.3 for details about the transfer). The lead time to transfer batches of satellites from the parking orbits to the operational constellation orbital planes is the result of the drift time to align the orbital planes and the actual time of flight [15] .
A probability distribution has now to be defined to describe the transfer times, meaning the lead times from parking orbits to in-planes stocks. Spares are transfered from the closest parking orbit with available supply at the time of the order. As the parking orbits are angularly equally distributed, it divides the possible RAAN differences for drift into N par king intervals: [0, Given that the drift rates are fixed by the semi-major axis and the inclination and that parking orbits are equally distributed, we can consider that transfer times are uniformly distributed in each possible interval (see Eq. 13).
where t tr ans f er (∆Ω) is the summation of the drift waiting time for an angular difference of ∆Ω and the time of flight, each of which can be calculated using Eqs. 2 and 5, respectively. With P(i th ) found in Eq. 12 and T plane (i th ) found in Eq. 13, we can find the lead time distribution from parking orbits to constellation orbital planes.
In-plane spare stocks backorders
Regarding the in-plane spares stock, the expected shortages (E S plane ) can be calculated from the distribution of lead times and the expected demand during this lead time [22] .
where E S τ (s plane ) is the expected backorders for the lead-time being τ and the threshold stock level being s plane , and f plane is the probability density function of the lead times to in-planes found in IV.C.2. As (s, Q) policy is considered, the expected backorders can be found using the approach in III.B.2.
Mean spare stock in-planes
Finally, the mean stock of spare parts should be evaluated to further calculate the holding cost of the spare strategy.
The resulting mean stock in-plane over a cycle is then calculated as the expected mean stock over all possible lead times and according to the theory exposed in III.B.3.
D. Parking Orbits Inventory Model
The inventory model at the parking orbits also follows a (s,Q)-policy. This subsection presents the inventory model at the parking orbits spares level. As allowed by the similarity in policies with in-plane spares location, a symmetric formulation of parking orbits' model is used. It includes the demand model at parking orbits, the resupply lead time for parking orbits, the backorders faced by parking orbits and finally the mean stock of spares in parking orbits.
Demand model for spares in parking orbits
The demand process at the spare parking orbits is derived from the failure process and policy model at the operational planes. Looking at the ordering process from one operational plane, an order is placed every Q plane failures on average and those failures are Poisson distributed. Therefore, the times between consecutive orders from this operational plane are Erlang-Q plane distributed according to the relationship between the two stochastic distributions [22] . The orders placed at all the spare parking orbits combined is the superposition of the orders from all operational planes. When N plane is sufficiently large (meaning N plane ≥ 20), the superposition of those N plane Poisson processes can also be considered a Poisson process, with rate N plane λ pl a ne Q pl a ne [31] [23] . Considering the symmetry of the problem where all spare parking orbits are equally distributed, each parking orbit is thus subject to a Poisson demand with rate λ parking , derived in Eq. 16.
Resupply lead times from the ground to parking orbits
The spare parking orbits are replenished from the ground using rocket launches, with a certain lead time denoted T par king . This lead time takes into account the launch order processing time and the waiting time for the next launch window. The model proposed in this paper does not include any manufacturing delay, assuming the spare stock on the ground to be always available. The order processing time is considered to be constant, while the waiting time for the next launch window is assumed to be exponentially distributed in accordance with launch schedules databases (see Appendix A).
T parking ∼ E(µ launch ) + pt launch (17) where E(µ launch ) is the exponential distribution with mean µ launch .
Parking orbits' spare stocks backorders
The inventory policy at the parking orbits is similar to the one used for in-plane spares. Therefore, the expected 
Mean stock stock in spare parking orbits
The functioning of the replenishment cycles at parking orbits follows the same characteristics as the in-plane spares cycles. Therefore, the mean stock in parking orbits is, in units of batches Q plane : (19) where N f ail, par king (T par king ) is the failure demand at parking orbits over the lead time T parking , in units of batches
E. Total Cost Model
The goal of the model's establishment is to estimate the cost of the spare strategy to 
Manufacturing cost
The annual manufacturing cost is derived from the total number of plane failures observed over a year. As the failures are Poisson distributed with a rate λ plane , for each of the N plane planes, c m is given by:
where λ plane is derived in Eq. 10.
Holding cost
The annual holding cost is associated with the spare strategy. Indeed, having spare satellites in orbits represents a substantial cost, due to the cost of having invested funds in material but also because of the orbital station-keeping maneuvers. Thus, the annual holding cost of having spare satellites in-plane and in parking orbits is defined using the mean spare stocks in parking orbits and operational planes.
where Stock plane and Stock par king are given by Eq. 15 and Eq. 19, respectively.
Launch cost
The annual launch cost is derived from the demand generated at the parking orbits:
where λ par king is given by Eq. 16 and p launch is the launch cost given by Eq. 24. Two possibilities are offered regarding the launch of the spare satellites, mimicking the launch options contemplated by OneWeb [12] :
1) Using a full capacity rocket, allowing the launch up to the rocket capacity, cap launch satellites, at once for a fixed cost launch f ull , which does not depend on the actual batch number of satellites effectively launched from this rocket.
2) Using a unit-satellite launcher at a cost of launch unit per launch, i.e., per spare satellite launched. Considering the specificity of this type of launcher, which is not dependent on government maintained launch ranges to launch, it is considered possible to launch several rockets at the same time [32] . As many launcher as satellites which need to be launched are required for this option.
Maneuvers cost
The annual maneuvers cost corresponds to the fuel mass required to perform the maneuvers for all orbital transfers c om = m f uel λ plane N plane N days om (25) where m f uel is calculated in Eq. 3 and λ plane is given by Eq. 10.
V. Model Validation through Simulations
The model presented in the previous section is an analytical model which allows a computationally and time efficient evaluation of a spare policy, even for mega-scale constellations. Nevertheless, it relies on the approximation of a Poisson demand with rate λ par king at the parking orbits derived from the Poisson demand in-planes (see Eq. 16), and it needs to be evaluated using simulations to be validated. Those simulations are performed for the purpose of the model validation with a variety of values for parameters and variables. Once validated, this model can be used for optimization of the spare policy without relying anymore on costly simulations. A set of 26 unique test problems is constructed using Latin Hypercube Sampling (LHS). This method allows to generate near-random sets of parameters from a multidimensional trade space, forcing the sample size to represent the real variability of the parameters. This particular sampling method allow a reduction in variance when compared to simple random sampling [33] .
The parameters used in all the simulation experiments are given in Table 2 . They are representative of megaconstellation figures such as OneWeb [11] . The sampled trade space can be found in Table 3 .
Each simulation was run for 30 years to encompass the long launch lead time, and each case faced 100 simulations.
Outputs of the simulations were used to validate the accuracy of the model developed in Section IV: demand rate at parking orbits, efficiency of in-plane spares, efficiency of parking orbits, mean stock in-planes, mean stock at parking orbits, and TESSAC. Efficiency of in-plane spares is given by 1 − ES pl a ne Q pl a ne and efficiency of parking orbits is given by 1 − ES p ar k i ng k Q, p ar k i ng . Given the simulation and modeling results, relative errors percentages are calculated according to Eq. 26.
The evaluation of the model through the relative percentage errors with simulations can be found in Table 4 . The results of the simulations indicate that the analytical model performs well, with relative error percentages ranging from 0.09% to 4.8% on average. The demand rate at parking orbits shows the largest error with a relative error of 4.8
%. This error is due to the model assumption to present the demand at parking orbits as a Poisson process with rate λ par king (see Eq. 16). This particular approximation affects all the error items presented below, as most of the model 
VI. Optimization Problem Formulation
With a validated model, we can develop an optimization problem formulation to find the optimal spare strategy. The spare strategy design problem can be formulated as a mixed-integer non-linear problem comprising eight variables. The objective of the optimization problem is to design the spare strategy which minimizes the Total Expected Spare Strategy Annual Cost (TESSAC) for a given operational constellation. Table 5 presents the spare strategy decision variables along with their possible range of values and integer constraints.
A. Variables
From the specific formulation of our problem, it is important to note two major implications of the parking orbits design choice:
1) The number of spare parking orbits N parking determines the maximum angular difference observed between the parking orbits and the nominal planes. Spare parking orbits are supposed to be equally distributed from the RAAN perspective in order to minimize this angular difference. While a large number of parking planes results in shorter transfer times, it can also lead to higher costs. 
2) The altitude of the spare parking orbits h parking determines the relative rotation of the two orbits and, consequently, the drift time required to carry out the actual transfer of spares from parking orbits to in-planes. It also, to a smaller extent, influences the time of flight of the maneuver.
B. Objective Function
The optimization of the spare strategy is made to minimize the Total Expected Spare Strategy Annual Cost, 
where T E SS AC is given by Eq. 20 according to the analytical model detailed in Section IV.
C. Constraints
The constraints for the optimization problem are derived from performance requirements. Indeed, we want the multi-echelon spare policy to meet a global requirement for efficiency, η T . However, this global efficiency can be achieved using different relative configurations between in-plane spares and parking orbit spares, thus allowing more flexibility in the design of the inventory model at the different echelons. Three constraints are derived to achieve this global requirement for spare strategy efficiency:
1) The backorders at in-plane spare stocks cannot exceed a target number derived from the order fill rate:
where E S plane is given by Eq. 14.
2) Similarly, backorders at parking orbits cannot exceed a target number:
where E S par king is given by Eq. 18.
3) Finally, overall spare strategy system's efficiency has to be higher than the requirement η T :
The constraints limit the backorders, making them negligible for the mean stock calculation as described in III.B.3.
D. Optimizer
The optimization has to be performed using a mixed-integer nonlinear solver to meet the formulation of the problem.
For the purpose of this paper, the single objective genetic algorithm (GA) embedded in Matlab is used to complete the optimization.
VII. Numerical Example
This section shows a numerical example of satellite mega-constellation spare strategy optimization. Specifically, we focus on evaluating the value of parking orbits utilizing our proposed inventory model. The specific strategy of using parking orbits drifting and supplying constellation orbital planes has been proposed in existing literature, but no study has been able to optimize the operational strategy of these parking orbits in a scalable and rigorous way. Thus, it is of interest to evaluate the benefits of having parking orbits in our spare strategy design. A competitive design comprising only in-plane spares replenished directly from ground rocket launches and no parking orbits is also optimized for a (s,Q)-policy, given the same parameters and satellite configuration; a cost comparison is established between the two strategies.
A. Mega-Constellation Configuration and Requirements
The implementation of a study case for a Low Earth Orbit (LEO) satellite mega-constellation is described, for which an optimization using the model previously exposed is performed. Given the nominal constellation configuration and performance requirements, the optimizer derives the best set of variables[N parking , h parking , k Q, parking , k s, par king , Q plane , s plane , ρ par king , ρ par king ] with respect to the objective fitness function J. The used parameters remain the same as in Table 2 and the chosen LEO configuration and performance requirement are : 
B. Results and Analysis
The results of the optimization for both multi-echelon and in-plane-only strategies are summarized in Table 6 , along with a comparison of their respective TESSAC. The chosen design for a multi-echelon spare strategy is therefore to have 3 parking orbits at an altitude of 796 km with a (s par king , Q par king ) = (54, 33) inventory policy, along with a (s plane , Q plane ) = First, the comparison of the multi-level mixed strategy with a single in-plane-only strategy shows the value of introducing another level of constellation spares as parking orbits and optimally designing its inventory management, reducing the TESSAC by 25.76%.
Furthermore, parking orbits allow us to take full advantage of the batch launch discount effectively, which is captured thanks to our unique optimization framework. Indeed, spare satellites can be launched in large quantities to parking orbits as they will supply all constellation planes, whose demand rate is high. On the contrary, if large batches of spare satellites are launched directly to constellation planes, they will serve only for in-plane failures at this specific orbital plane, whose demand rate is much lower than the parking orbits. As a result, given a similar batch launch quantity, launching to in-plane (i.e., not having parking orbits) can result in higher costs primarily due to holding costs.
The specific parking orbits design (N par king , h parking ) chosen also proves the value of having multiple parking orbits. The results show that preferred design has three parking orbits. Indeed, even though having multiple parking orbits increases the costs of holding spare satellites, it also reduces the lead times to constellation orbital planes; thus a sweet point based on this tradeoff is found by the optimizer. Also, the altitude of the parking orbit planes (796 km)
shows the compromise chosen by the optimizer between the duration of the lead-time (especially the drift time to align the parking orbit and the constellation plane) and the maneuver cost in terms of fuel mass required to perform the transfer. This demonstrates how our optimization can provide a direct implication to the design of satellite constellation and its parking orbits.
Finally, it is also worth noting that the optimal solution to seek for a parking order quantity Q parking as close as possible to the launch capacity, cap launch . Indeed, this parameter is set to cap launch = 34 and results give out exactly Q par king = 33. Therefore, this cap launch plays a very important role in the search for the lowest possible maintenance policy and verifies the need to use satellite batch launches to reduce the cost of replenishment. Note that, although in this case Q parking almost matches the cap launch , this is a result of a tradeoff between the batch launch discount and the holding cost; it is expected that when the failure rate is very low, the optimizer would prefer to have less Q parking to save the holding cost.
C. Sensitivity Analysis to Failure Rate
The key parameter for the analyzed constellation spare strategy optimization is the failure rate. In order to observe the effects of the failure rate on the optimized spare strategy solutions, a sensitivity analysis is performed for several values of failure rates. As it can be derived from [34] and [35] , failure rates can range from 10 −3 to 0.9 failures per year depending on the size of the spacecraft. Satellite constellations such as OneWeb and Starlink from SpaceX would fit in the "mini-satellite" category and thus displaying a failure rate of about 5 · 10 −2 failures per year after the first year.
The relative percentage of savings when using our unique multi-echelon approach using parking orbits compared to a single level of in-plane spares only is analyzed with respect to the TESSAC of each strategy. Fig. 7 shows the trend observed in savings with respect to different failure rates:
Fig. 7 Sensitivity analysis of the TESSAC savings using multi-echelon instead of in-plane-spares-only by varying the failure rate
This sensitivity analysis depicts important trends in the spare strategy.
First, when the failure rate is very low, the spare demands are very small, and so none of the strategies analyzed (multi-echelon vs. in-plane-only) take advantage of the batch launch discount. The optimized multi-echelon strategy does not value the option of having parking orbits (only one parking orbit is chosen for cases λ sat = 0.001, 0.005). As a result, the relative savings using the multi-echelon strategy are also very low.
In the case of highest failure rates, both strategies take advantage of the batch launch discount because of the large spare demands. Even if there is no parking orbits, satellites could still be launched in batches directly to the constellation planes to satisfy the demands. This configuration provides relatively low savings using the multi-echelon strategy.
Finally, the most savings are observed for medium failure rates. The multi-echelon strategy takes full advantage of the batch launch discount, whereas in-plane-only strategy does not. The benefit of the parking orbits is the largest in this case, up to approximately 40% of cost saving.
For all cases, we observe savings when using the multi-echelon strategy as the spares are better distributed and thus provide flexibility in the supply chain. Indeed, spare satellites located in the multiple parking orbits are able to service all the constellation orbital planes and thus launched satellites are used more efficiently. The flow of spare satellites is more fluid as they do not get stuck in a particular plane, waiting for the next failure in this specific plane only. Even thought the relative percentage of savings vary with the failure rate, the multi-echelon strategy always appears as a preferred choice for satellite constellation spare strategy.
VIII. Conclusion
This paper presented a novel model for satellite constellations spare strategies using a multi-echelon inventory approach, and proposed an optimization formulation using this model to minimize the total annual cost of the spare strategy policy. The model is unique in viewing satellite constellation spare strategy as a multi-level spare supply chain system, comprising multiple orbital planes (retailers), multiple parking orbits (warehouses), and the ground (supplier), all ruled by (s,Q) inventory policies and under the assumption of stochastic demand (failures) and lead times.
Our inventory model is unique in that it has multiple drifting warehouses (parking orbits), which are all capable of resupplying all the retailers (in-plane spare stocks), and the actual resupply pathway is chosen according to availability and lead-time distribution. The efficiency metric of a chosen spare strategy is also derived from the analytical model as a measure of the maintenance performance, and a cost model of a strategy is developed, including manufacturing, holding and transportation (launch and maneuvers) costs. The model approximations are further validated using simulation, meeting within less than 5% the outputs of the simulation. The paper additionally developed an optimization problem formulation to minimize the cost of maintenance under performance requirements, and the numerical case study demonstrated the value of having this multi-echelon mixed-strategy spare strategy for satellite mega-constellations.
The importance of batch launch discount is stressed in those results, along with the flexibility conveyed by the multiple parking orbits able to deliver spares to all orbital planes.
This research can be further extended in multiple directions. First, using non-identical parking orbits and nonidentical orbital planes policies could allow more flexibility in the system to provide the same required efficiency. Also, the model presented in this paper assumes that ground spares are always available to launch with a given lead time, which is a reasonable assumption given the current satellite production rates; however, the possibility of the ground spares to be out-of-stock could also be incorporated for a more accurate representation of the reality. Finally, this paper supposes a Poisson distribution of failures; however, existing satellite reliability analysis exhibited the problem of infant mortality [36] and introduced the use of "degraded states" [37] . Therefore, a more realistic consideration of satellite failure could be implemented using those observations.
Appendix A: Launch time distribution
Based on launch data retrieved from [38] and [39] , an exponential distribution fit is derived for the times between two consecutive successful launches. The example of the Soyouz rocket launches is given in Fig. A1 , where the exponential parameter obtained is 66.7 days, meaning the average time between two successful Soyouz launches.
Fig. A1 Exponential distribution fit for Soyouz launches based on data from [38]
